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'5"*1 /'%63$"27 4"&1%(& !61% ,"& *+0,"& '53+#3'"+#" '" 89 "$ :; <
F8%3+$&0 # 021('$0 %$% 63-2,% 7#21 380#( 6027#2$ (20 70/'4*0(&0 #fi2 78'/4
6&%,20& 3# 1$&(.$(&09 0$ .0 02$&0 .*#.(20 701 /01(&01 0ff0.$(%01C F01 160.$&01 70
7&-'$0 .0$$0 ?-'1 70 3# fi,(&0 IC .-2.-&702$ B'02 #50. 38#160.$ 5'1(03 70 38'210.$0C
=2 0ff0$9 1-(1 '2.'702.0 2-&/#309 -2 -B10&50 (20 .-3-&#$'-2 50&$ J#(2K$&0 :;<=>9
A(' 5'&0 #( B30( 5'-3#.% :;<=> 3-&1A(0 38-2 #(,/02$0 38#2,30 78'2.'702.0C ;0$$0
?-'19 38'&'701.02.0 01$ 63(1 /#&A(%09 3# &'.*0110 160.$&#30
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$*%-&'A(01 70  !"#$%& !' #() :LM>9 A(' 1$'6(302$ A(0 3# &'.*0110 160.$&#30 01$ 1(4
6%&'0(&0 6-(& 701 /(3$'.-(.*01 7-2$ 30 .-2$&#1$0 78'27'.01 70 &%?&#.$'-2 01$ 63(1
?#'B30 @ &#66-&$ 78%6#'110(& .-21$#2$C N&9 3-&1A(0 3# 1$&(.$(&0 01$ '2fi3$&%09 38#'&
78'27'.0 70 &%?&#.$'-2 %,#3 @ O 01$ &0/63#.% 6#& 380#( 78'27'.0 70 &%?&#.$'-2 %,#3 @
OCIIC N2 7'/'2(0 7-2. 30 .-2$&#1$0 78'27'.019 6('1A(0 38'27'.0 70 &%?&#.$'-2 70 3#
.*'$'20 70 OCL! 01$ &01$% '2.*#2,%C
F# fi,(&0 ICL /-2$&0 3# 5#&'#$'-2 70 3# .-3-&#$'-2 70 38'210.$0 @ /01(&0 A(0
380#( 18%5#6-&0C N2 -B10&50 B'02 (2 7%63#.0/02$ 7( 6'. 6&'2.'6#3 70 3# P-20 50&$0
50&1 3# P-20 B30(0 7( 160.$&0 5'1'B30 @ /01(&0 A(0 380#( 18%5#6-&0C Q0/#&A(-21
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 !"#$%  !" #  !"#$ %$ &'$()"$& %$ *+  !"#$% &!'()#'% ,$&-"!& '.-" -/ +/0*$ %1#/(#%$/($
%$ 23 4,$&-"$ &'!(-*+#"$5 *."& %$ *1!6+'."+)#./ %$ *1$+- #,'"!0/+/) *+ &)"-()-"$7 8/
(./&)+)$ *$ %!'*+($,$/) %- '#( '"#/(#'+* %$ *+ 0+,,$ %$ *./0-$-"& %1./%$ (.""$&'./%+/)
+- 6$") 6$"& ($**$ *#!$ +- 9*$-7 :$ '".($&&-& %$ &!(;+0$ '"$/% +''".<#,+)#6$,$/) 3
,#/-)$& 4#/)$"6+**$ %$ )"$/)$ &$(./%$& $/)"$ (;+=-$ ,$&-"$57
 ! "#$%&'#() *+,&-.*&-/01 2#$(&031 0$ 1$&(.$(&01 .-3-&#2$01 /(3$'4%.*03301
5(0 30 6'. 708'02$ %,#30/02$ 63(1 3#&,0 3-&1 70 39%8#6-&#$'-2 70 390#(: 02 #..-&7
#80. 39'2fl(02.0 7( .-2$&#1$0 79'27'.01 1(& 3# 3#&,0(& 7( 6'. <=>?@ A2 0ff0$: #( 63(1
30 .-2$&#1$0 01$ ,&#27 C%$#$ 10.D: #( 63(1 30 6'. 01$ 3#&,0@
 !" #$%&'() *+,-.+&+/012)
A2 #2#3+1#2$ (2 6&%3E80/02$ 79%3+$&0 70 39'210.$0 F 39#'70 79(2 /'.&-1.-60
%30.$&-2'5(0 F G#3#+#,0 CH',@ I@JD: -2 .-21$#$0 5(9'3 01$ &0.-(80&$ 79%.#'3301@ K01
%.#'3301 ,&-11'E&0/02$ .'&.(3#'&01 -2$ (2 7'#/E$&0 #66&-)'/#$'L 70 !M µ/: 6-(&
(20 %6#'110(& 79028'&-2 I@= µ/@ NG10&8%01 #80. (2 /'.&-1.-60 -6$'5(0: -2 19#60&4
O-'$ 5(0 .0 1-2$ 03301 5(' 1-2$ F 39-&','20 70 3# .-3-&#$'-2 G30(0@ P3 01$ 7E1 3-&1
#66#&( '2$%&011#2$ 79#2#3+10& 3# 1$&(.$(&0 '2$0&20 79(20 $0330 %.#'330@
 !"#$%  !" #  !"#$ %&' ($ )" *+,-".$ (/+0 1)23,$ ($ )"  !"#$% &!'()#'%4 5/1)23,$ $*3
,$.6+7$,3 (/1."8))$* 9)+* 6+ !680* .8,.+)"8,$* (/+0 (8"!:3,$ (/$078,60 ;< µ!4
Q9'/#,0 70 ,#(.*0 70 3# fi,(&0 I@S .-2fi&/0 390)'1$02.0 79(20 /(3$'.-(.*0@
N2 -G10&80 02 0ff0$ 39#3$0&2#2.0 79(20 7-(T#'20 70 .-(.*01 *-/-,E201 L#'$01 70
.*'$'20 0$ 70 .-(.*01 /')$01 L-&/%01 70 .*'$'20 0$ 70 T-201 8'701@ Q01 '/#,01 70
/'.&-1.-6'0 %30.$&-2'5(0 60&/0$$02$ %,#30/02$ 70 7%$0&/'20& 301 6#&#/E$&01 70
.0$$0 /(3$'.-(.*0@ U'21': 1# 6%&'-70 a 01$ 70 VS= 2/: 1-'$ 39#77'$'-2 70 39%6#'110(&
79(20 .-(.*0 70 .*'$'20 CI= 2/D 0$ 70 .0330 79(20 .-(.*0 L-&/%0 6#& 701 T-201 70
.*'$'20 0$ 701 T-201 79#'& CV M 2/D@
Q9'/#,0 70 7&-'$0 70 3# fi,(&0 I@S /-2$&0 (20 8(0 7( 7011(1 70 3# /(3$'.-(.*0
5(' 3#'110 #60&.08-'& 3# 1$&(.$(&0 701 .-(.*01 /')$01: L-&/%01 70 .*'$'20 0$ 70
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 !"#$%  !" #  !"#$% &'( )$ *"  !"#$% &!'()#'% + ,#"-./$0 !-*12.3-./$ 4 *5362#27$ )$ *"
.3*36"1237 )$ *527%$.1$8 ,)6321$0 9-$ )- )$%%-% :$6!$11"71 )$ );1$6!27$6 *$% :"6"!<16$%
)$% .3-./$% =36!;$% )$ ./2127$ $1 )5"268 ,)6321$ $7."610 9-$ 6"::63./;$ %-6 *" %-6=".$
)5-7$ .3-./$ !2>1$?
,-.'/ 01"$&) 2 .-34'"35 -. #'3% 06%'&7$.'& 8'/ #"&"79%&'/ /3& :"/' 0'/ $7";'/
0' 7$<&-/<-#$') 2$./$5 8" 8"&;'3& 0'/ :=%-..'%/ 0' <!$%$.' '/% '/%$76' > +? .7
'% <'88' 0'/ ,-.'/ 4$0'/ > @A .7) B'7"&C3-./ C3' 81-&$'.%"%$-. 0' <'/ :=%-..'%/
4"&$' "3 /'$. 7D7' 013.' <-3<!' 7$E%'5 "$./$ C3' 013.' <-3<!' > 8" /3$4".%')
F'/ #"&"79%&'/ 0' 8" 738%$<-3<!' -.% 0-.< 6%6 64"836/ '% 4-.% #'&7'%%&'5
0"./ 8" #&-<!"$.' /'<%$-.5 0' <-.fi&7'& #"& 8" 7-068$/"%$-. C3' 8" 738%$<-3<!'
'/% :$'. > 81-&$;$.' 0' 8" <-8-&"%$-. :8'3' 0' 81$./'<%')  -77' .-3/ 8' 4'&&-./5
<'/ #"&"79%&'/ #'&7'%%&-.% 6;"8'7'.% 01'E#8$C3'& 8' <!".;'7'.% 0' <-8-&"%$-.
8-&/C3' 8" /%&3<%3&' '/% $7#&6;.6' 01'"3)
 ! "#$%&'()*'#+
 ! !" #$%&'()*+%),* -& .+ .,*/0&0' -1,*-& -,()*+*%& &*
'$fl&3),*
 -77' .-3/ 81"4-./ 43 > 8" /'<%$-. H)H5 $8 '/% #-//$:8' 0' 06%'&7$.'& 8" 8-.I
;3'3& 01-.0' 0-7$.".%' &6fl6<!$' #"& 8" 738%$<-3<!' %&-346' <!', 81$./'<%' '.
3%$8$/".% 8" K-&738' /3$4".%' LMC) NH)HO5 #) HAP Q
λ =
2a
√
n¯2 − sin2 θ
m
.
 ! "#$%&'#() *+,&-.*&-/01 2#$(&031 0$ 1$&(.$(&01 .-3-&#2$01 /(3$'4%.*03301
5-$-21 6(0 θ 01$ 7%fi2' .-//0 39#2,30 79'2.'702.0 :#& &#::-&$ ; 3# 1(&<#.0 70 3#
/(3$'.-(.*0= ># :%&'-70 # :( ?$&0 7%$0&/'2%0 ; 39#'70 701 '/#,01 70 /'.&-1.-:'0
%30.$&-2'6(0 @ a = AB 2/= C3 2-(1 &01$0 7-2. ; 7%$0&/'20& 39'27'.0 70 &%<&#.$'-2
/-+02 n¯= D-(& .03#E -2 ($'3'10 301 F#30(&1 701 %:#'110(&1 <-(&2'01 :#& 3# /'.&-1.-:'0
%30.$&-2'6(0 0$ .03301 701 .-21$#2$01 7'%30.$&'6(01 $&-(F%01 7#21 3# 3'$$%&#$(&0 :-(&
39#'& 0$ 3# .*'$'20 G HI= ># /%$*-70 0):3'6(%0 ; 3# 10.$'-2 A=J 7-220 #'21' (20 F#30(&
70 A=KA= LM1 3-&1E 3# 3-2,(0(& 79-270 7-/'2#2$0 01$ 01$'/%0 ; @
λ =
2× 175
√
1.312 − sin2 15
1
= 449 2/.
N0$$0 F#30(& 01$ 02 $&M1 O-2 #..-&7 #F0. 30 :'. :&'2.':#3 7( 1:0.$&0 70 ,#(.*0
P1$&(.$(&0 1M.*0Q 70 3# fi,(&0 K=R P.-(&O0 O30(0 #22-$%0 θ = 15 Q=
># /?/0 /%$*-70 :0($ ?$&0 #::3'6(%0 02 1(::-1#2$ 301 S-201 F'701 2-2 :3(1
&0/:3'01 79#'&E /#'1 790#( Pn = 1.33Q= ># :%&'-70 01$ 1(::-1%0 '702$'6(0E O'02
6(0 .0&$#'201 %$(701 GBTI $02702$ ; :&-(F0& 6(0 39'/:&%,2#$'-2 790#( /-7'fi0 3#
:%&'-70 70 3# /(3$'.-(.*0= >9'27'.0 70 &%<&#.$'-2 /-+02 01$ /#'2$02#2$ %F#3(% ;
A=RB= ># 3-2,(0(& 79-270 7-/'2#2$0 02 &%fl0)'-2 F#($ 7M1 3-&1 @
λ =
2× 175
√
1.472 − sin2 15
1
= 506 2/.
V-($ .-//0 :&%.%70//02$E .0$$0 F#30(& 01$ 02 O-2 #..-&7 #F0. 30 :'. :&'2.':#3
7( 1:0.$&0 70 7&-'$0 P1$&(.$(&0 '/:&%,2%0 790#(Q 70 3# fi,(&0 K=R P.-(&O0 F0&$0
#22-$%0 θ = 15 Q=
 ! !" #$%&'()*+($, )$-) .$/01 %2-,1 0-'+(3$-341
W3-&1 6(0 39%F#3(#$'-2 70 3# 3-2,(0(& 79-270 7-/'2#2$0 02 &%fl0)'-2 7-220 701
&%1(3$#$1 :&-.*01 701 1:0.$&01 0):%&'/02$#()E 0330 :0&/0$ (2'6(0/02$ 70 &027&0
.-/:$0 7( :'. :&'2.':#3 701 1:0.$&01 70 &%fl0.$#2.0= D-(& &0:&-7('&0 2(/%&'6(04
/02$ 301 1:0.$&01E '3 2-(1 <#($ :#110& ; 3# /-7%3'1#$'-2 1(& O#10 701 /#$&'.01 70
$&#21<0&$ PW220)0 WE := AT Q= >01 &%1(3$#$1 70 .0$$0 /-7%3'1#$'-2 1-2$ :&%102$%1
; 3# fi,(&0 K=HE :-(& 3# /(3$'.-(.*0 1M.*0 0$ '/:&%,2%0=
N01 &%1(3$#$1 1-2$ ; .-/:#&0& #() 1:0.$&01 0):%&'/02$#() PX',= K=RE .-(&O01
#22-$%01 θ = 15 Q= N-2<-&/%/02$ ; .01 70&2'0&1E -2 -O10&F0 (20 /-7'fi.#$'-2 70
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&0#3"9 ,* #2-%." 4"%$" *- #*& 28 ",," "&$ 1/!%(:+(" ';"*-6 7"& &!"#$%"& 2+$ ($( &1/-,(&
!2-% -+ *+:," ';1+#1'"+#" '" <= "+ #2+>2%/*$12+ &!(#-,*1%"6
 ! "#$%&'#() *+,&-.*&-/01 2#$(&031 0$ 1$&(.$(&01 .-3-&#2$01 /(3$'4%.*03301
3# 5-1'$'-2 6( 5'. 5&'2.'5#3 103-2 7(0 3# /(3$'.-(.*0 1-'$ '/5&%,2%0 85'. 5&'2.'5#3
6#21 3# 9-20 :0&$0 6( 150.$&0 :'1';30< -( 2-2 85'. 5&'2.'5#3 6#21 3# 9-20 ;30(0<=
>01 150.$&01 .#3.(3%1 &0fl@$02$ %,#30/02$ 3# 6'/'2($'-2 6A'2$021'$% 0$ 3A#ffi20/02$
6( 5'. 6#21 30 .#1 60 3# .-(.*0 '/5&%,2%0=
C05026#2$D 301 5'.1 1'/(3%1 1-2$ ;0#(.-(5 53(1 %$&-'$1 7(0 301 5'.1 /01(&%1=
C0.' 50($ 1A0)53'7(0& 6A(20 5#&$ 5#&.0 7(A'3 0)'1$0 (20 '2.0&$'$(60 #2,(3#'&0 6#21
30 .#1 601 150.$&01 /01(&%1= E2 0ff0$D 3# /(3$'.-(.*0 01$ %.3#'&%0 103-2 (2 #2,30 60
G  = H&D 30 I#'1.0#( 01$ ;0#(.-(5 53(1 3#&,0 7(0 301 %.#'3301 %$(6'%01 0$ .01 %.#'3301
20 1-2$ 5#1 1$&'.$0/02$ -&6-22%01 J 3# 1(&I#.0 60 3A%3+$&0= KA#($&0 5#&$D 2-$&0 /-4
6@30 20 $'02$ 5#1 .-/5$0 6( 6%1-&6&0 5&%102$ 6#21 3# 1$&(.$(&0 &%0330D &015-21#;30
6A(20 :#&'#$'-2 601 %5#'110(&1 0$ 601 '26'.01 60 &%I&#.$'-2 60 3# /(3$'.-(.*0 6(
.-3%-5$@&0= L-$&0 /-6@30 -&6-22% 3#'110 %,#30/02$ #55#&#'$&0 601 &%1-2#2.01 60
M#;&+4N%&-$ 8301 -1.'33#$'-21 60 5#&$ 0$ 6A#($&0 6( 5'. 5&'2.'5#3 6#21 301 150.$&01<=
C01 &%1-2#2.01 1-2$ 6(01 #() '2$0&I#.01 60 3# /(3$'.-(.*0= E3301 20 1-2$ 5#1 5&%4
102$01 6#21 301 150.$&01 0)5%&'/02$#() 5#&.0 7(A(20 I-'1 60 53(1D 301 '2$0&I#.01
20 1-2$ 5#1 #(11' 20$$01=
 !" #$%&'()*$%
>01 %.#'3301 6( .-3%-5$@&0  !"#$% &!'()#'% .-/5-&$02$ (20 1$&(.$(&0 5*-$-4
2'7(0 '2$%&011#2$0D I-&/%0 5#& 3A#3$0&2#2.0 6A(20 6-(9#'20 60 .-(.*01 60 .*'$'20
0$ 60 .-(.*01 /')$01 .-/5-1%01 60 9-201 :'601 0$ 60 .*'$'20= C01 9-201 :'601D $&-5
50$'$01 5-(& 5&-:-7(0& 3# 6'ff&#.$'-2 601 -2601 3(/'20(101D 50&/0$$02$ 60 /-6(30&
30 I#.$0(& 60 &%fl0)'-2 601 .-(.*01 /')$01= O3 #55#&#'$ 6@1 3-&1 (2 .-2$&#1$0 6A'24
6'.01 02$&0 301 60() $+501 60 .-(.*01D ,%2%&#2$ (20 1$&(.$(&0 &%fl%.*'11#2$D 6#21
.0 .#14.'D (20 .-3-&#$'-2 ;30(0 /%$#33'7(0 '2$0210= C05026#2$D 3# .-(.*0 /')$0
1A#:%&#2$ 5-&0(10D 3A'/5&%,2#$'-2 6A0#( 6#21 3# 1$&(.$(&0 /-6'fi0 3# .-(30(& &%4
fl%.*'0= Q'21'D 3A'210.$0 60:'02$ :0&$ 3-&17(A'3 01$ 53#.% 6#21 (2 02:'&-220/02$ #(
$#() 6A*(/'6'$% %30:%=
R-($ 3A#:#2$#,0 60 .0 $+50 60 1$&(.$(&0 01$ 7(A02 I-2.$'-2 6A(2 5#&#/@$&0 6'ffi4
.'30/02$ %:#3(#;30 5#& 3A*-//0D 30 $#() 6A*(/'6'$% 02 3A-..(&&02.0D 301 /#$%&'#()
*+,&-.*&-/01 .*#2,02$ 60 .-(30(& 60 I#S-2 &#6'.#30 0$ I#.'30/02$ '602$'fi#;30 J
3A-0'3 2(= C0 $+50 60 /#$%&'#()D 50&/0$$#2$ (20 /01(&0 7(#3'$#$':0D 5-(&&#'$ T$&0
 !"#$%&' ()  !"#$% &!'()#'% *(
+%$,' -.%"//'-% 0"-1 ,2$-0+1%&$' "3&.4",$/'-%"$&') 5'1 #"1%$,,'1 6+$ 7!"-3'-% 0'
7.+,'+& ,.&16+' ," 7!"$-' 0+ 8&.$0 " 9%9 &./#+': 1.-% "7%+',,'/'-% +%$,$19'1
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1'&"$% #.11$<,' 0' 8"$&' 0' /=/': /"$1 7'%%' 8.$1 '- 8.-7%$.- 0+ %"+> 02!+/$0$%9:
"+6+', 1.-% 1'-1$<,'1 7'&%"$-'1 0'-&9'1 ",$/'-%"$&'1 ?093&"0"%$.- #,+1 &"#$0'@)
 ! "# $%&# %'&#('#& )*+'# #'&(#,(%$# ,-(.% )*-+&(#$/ -0&%1# )-'$ 0# )2.-%'# 3
4&&, 355666!#1%)#'0%-!7%859(-'0-%$5,(2)+0&$5&#.,#(-&+(#:;-7#;$!4&.
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 !  !"#$#%"&'(# &)*)"+)" "#$%& '&() *++*,-$!.- / 0* 1*2$00! 3!4 ,"&)!-./$0)"5
6!,.*780*$,!2!.- *++!094 0:.%$7:,.!4 3! +*, 0* +,94!.7! 3! -,;4 0:.%8!4 *.-!..!4
7<!= 0* +08+*,- 3!4 2!2>,!4 3! 7!--! 1*2$00!& ?:8- 7:22! 0* <:+0$! @8! .:84
6!.:.4 3A9-83$!,5 $0 4A*%$- 3A8. 7:09:+-;,! +,94!.-*.-5 :8-,! 8.! 7:0:,*-$:. 29-*0B
0$@8! 6$6!5 8.! $,$3!47!.7!& C!+!.3*.-5 / 0* 3$ff9,!.7! 3! 7!--! 3!,.$;,!5 !00! !4-
>$!. +084 2*,@89!& E. !ff!-5 0!  !"#$#%"&'(# &)*)"+)" !4- 3! 7:80!8, F*8.! !- 6$,!
*8 6!,- 0:,4@8! 0A:. *8%2!.-! 0A*.%0! 3A$.7$3!.7!& G. +!8- :>4!,6!, 7!--! $,$3!4B
7!.7! 48, 0* fi%8,! 7$B3!44:84 I 0* 7:80!8, F*8.! !4- 6$4$>0! 48, 0! 3:4 3! 0A$.4!7-!5 !-
6$,! +,:%,!44$6!2!.- *8 6!,- / 2!48,! @8! 0A:. 4A*++,:7<! 38 >:,3 !J-!,.! 3! 0*
78-$780!5 4:$- 3!4 48,1*7!4 +:8, 0!4@8!00!4 0A*.%0! 3A$.7$3!.7! !4- ,*4*.-& K.! 1:$4
3! +0845 8.! 280-$7:87<! !4- / 0A:,$%$.! 3! 0* 7:0:,*-$:. 3! 0A$.4!7-!5 7! @8$ 4!,* 39B
2:.-,9 3*.4 7! 7<*+$-,! !. 4A*++8L*.- 48, 0!4 $2*%!4 3! 2$7,:47:+$! 90!7-,:.$@8!
/ >*0*L*%! !- 48, 0* 2:390$4*-$:. 3! 0* 4-,87-8,! +<:-:.$@8! :>4!,69!&
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 ! "#$%&'#() *+,&-.*&-/01 2#$(&031 0$ 1$&(.$(&01 .-3-&#2$01 /(3$'4%.*03301
 !"#$%  !" #  !"#fi%&'#!( ") *& %!*!+&'#!( ",  !"#$#%"&'(# &)*)"+)"- .& /0!'!1+&/0#)
", ")22,2 3!('+) *) *!(1#%!+() &/+42 /&22&1) "&(2 ,( 3#*#), 0,3#") 5%!*!+&'#!( +!,1)6-
7(2,#')8 9 3)2,+) :,) *;)&, 2;<=&/!+)8 *& %!*!+&'#!( +!,1) "#2/&+&#' >,2:,;&, +)'!,+ 9 *&
%!*!+&'#!( >&,() #(#'#&*)- .) ')3/2 3!?)( )('+) *)2 "),@ <'&'2 )@'+A3)2 )2' ") *;!+"+) ")
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," :-1-&"%$-7 53%"11$/0' 80  !"#$#%"&'(# &)*)"+)"9 "$7.$ /0' 1' #!37-5K7'
82$&$8'.:'7:'9 .066K&'7% 1" #&3.'7:' 8207' 501%$:-0:!') A7 'ff'%9 1'. $5"6'. MAN
-G%'70'. >O$6) ()(D 1' :-7fi&5'7%)  '%%' 501%$:-0:!' .' .$%0' 8"7. 1'. 3:"$11'.
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T*V9 1"$.."7% S*V 82'.#":' ?$8') W-0. .-55'. G$'7 '7 #&3.'7:' 8207' .%&0:%0&'
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(%fl'4*-+
56.*-21 7#21 (2 8&0/'0& $0/819 $-($ .-//0 8-(& 3# *-83'09 70 7%$0&/'20&
3# 3-2,(0(& 7:-270 7-/'2#2$0 02 &%fl0)'-29 #(11' <'02 3-&1=(0 30  !"#$#%"&'(#
&)*)"+)" 01$ 10. =(0 3-&1=(:'3 01$ '/8&%,2% 7:0#(> ?-(& .03#9 &08&02-21 3# @-&/(30
AB>BC D
λ =
2a
√
n¯2 − sin2 θ
m
.
E# 8%&'-70 01$ 01$'/%0 F 8#&$'& 701 '/#,01 GH" Aa = 85 + 130 = 215 2/C9
#3-&1 =(0 3:#2,30 7:'2.'702.0 01$ &08&'1 701 /01(&01 180.$&-1.-8'=(01 Aθ = 15 C> I3
2-(1 &01$0 F 7%$0&/'20& 3:'27'.0 70 &%@&#.$'-2 /-+02 70 3# /(3$'.-(.*0 .-21'7%&%0
.-//0 (2 /#$%&'#( 7:'27'.0 0ff0.$'@ n¯> H2 8&-.%7#2$ 103-2 3# /%$*-70 7%.&'$0 F
3# 10.$'-2 B>K A8> B C9 -2 -<$'02$ (2 '27'.0 70 &%@&#.$'-2 0ff0.$'@ 70 B>LB 7#21 30
.#1 -M 3:'210.$0 01$ 10.> NO1 3-&19 3# 3-2,(0(& 7:-270 7-/'2#2$0 02 &%fl0)'-2 01$
7-22%0 8#& A8-(& m = 1C D
λ = 2× 215×
√
1.312 − sin2 15 = 552 2/.
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70 B>T > NO1 3-&19 3# 3-2,(0(& 7:-270 7-/'2#2$0 70Q'02$ D
λ = 2× 215×
√
1.462 − sin2 15 = 618 2/.
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3-2,(0(&1 56-2507 #'21' 8(6(20 5'/'2($'-2 50 36'2$021'$%9 :01 50() ;*%2-/<201
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;-(& 3# *-;3'0 8(0 ;-(& 56#($&01 3-2,'.-&201 DE F7 3# &#'1-2 50 .0 .*#2,0/02$ 50
.-(30(& 56(2 ;-'2$ 50 >(0 ='-3-,'8(0 &01$0 '2.-22(09
G( ;-'2$ 50 >(0 501 #;;3'.#$'-217 03301 1-2$ 1'/'3#'&01 H .03301 %>-8(%01 5#21
30 .#1 50 3# *-;3'09 I2 501 '2$%&J$1 501 /#$%&'#() *+,&-.*&-/01 01$ 02 0ff0$ 50
$&#21B-&/0& 02 (2 1',2#3 >'1'=30 L30 .*#2,0/02$ 50 .-(30(&M (20 /-5'fi.#$'-2 50
3602>'&-220/02$ 5'ffi.'30/02$ #;;&%.'#=30 ;#& 36*-//0 L30 .*#2,0/02$ 5( $#()
56*(/'5'$%M9 P2 .-21$#$0 #>0. .01 %$(501 1(& .01 50() .-3%-;$<&01 8(0 3# ,#//0
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30 .-2$&#1$0 56'25'.01 50 &%B&#.$'-2 02$&0 301 50() .-(.*017 56-=$02'& (20 ,&#250
>#&'%$% 50 3-2,(0(&1 5-/'2#2$01 02 &%fl0)'-2 0$ 50 &'.*01101 1;0.$&#301 DS!F9
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 !"#$%&'())" (*#(*$"
 ! "#$%#&'()! %'*+,% +-./ "! "0-&,')! !/' $- "-//,+!  !"#$%&'())" (*#(*$" 12,34
5467 899:4 ;!' ,./!"'! !/' 3%.%)-$!<!.' "$-//% &-)<, $!/ '&#'&$+( ,((')(+ !. )-,=
/#. +! $- "-)-&-"! ')-./&-)!.'! >*, )!"#*?)! '#*' $! "#)&/ +! $@,./!"'!A $! B-,/-.'
)!//!<C$!) D *.! &!','! '#)'*!4 E-,/ *.! B#,/ +! &$*/A "! /#.' $!/ %$F')!/ +! "!'
,./!"'! >*, #.' -'',)% .#')! -''!.',#.4 G. !ff!'A #. $!/ ")#,)-,' )!"#*?!)'/ +@#)A '-.'
$!*) )%fl!J,#. <%'-$$,>*! +! "#*$!*) K-*.! !/' ,.'!./!4 L#*' "#<<! &#*) $!/ +!*J
"#$%#&'()!/ %'*+,%/ &)%"%+!<<!.'A "@!/' *.! <*$',"#*"0! >*, !/' D $@#),3,.! +! $-
"#$#)-',#.4 ;!&!.+-.'A $-  !"#$%&'())" (*#(*$" !/' "-&-C$! +! <#+,fi!) /- "#$#=
)-',#.
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-* &)#fi' +@*.! "#*$!*) )#*3! <-'4 N#*/ ?!))#./ &-) $- /*,'! >*! $@,<&)%3.-',#.
+! $- <*$',"#*"0! .! <#+,fi! &-/ $- $#.3*!*) +@#.+! )%fl%"0,!A <-,/ -"',?! !. B-,'
$! )%fl!"'!*) +#)%A <-/>*-.' -$#)/ $- "#*"0! )#*3! /,'*%! !. +!//#*/ +! $- <*$',=
"#*"0!4 O$ .! /@-3,' +#." &$*/ +* <P<! &0%.#<(.! >*! "!$*, )!."#.')% "0!Q $-
-&.)$" /&(#0)(" #* $! 12(+$+'(#30+ #"4"()"(4
R. ')#*?! $-  !"#$%&'())" (*#(*$" -*J -C#)+/ +! $- B#)P' -<-Q#.,!..!A ?#,)!
+-./ $! /*+ +!/ G'-'/=S.,/A &#*) -*'-.' >*@,$ /@F ')#*?! +!/ &$-.'/ +* $,/!)#.
5.&2&(" )$3%(3$$A +#.' !$$! /! .#*)),' +!/ B!*,$$!/4  !/ /&%",<!./ %'*+,%/ +-./ $!
"-+)! +! "!''! )!"0!)"0! &)#?,!..!.' +!/ !.?,)#./ +! ;!))# T-$!)#A D >*!$>*!/
U,$#<(')!/ +! V-.-<- ;,'F4 O$/ #.' %'% "#$$!"'%/ !. /!&'!<C)! WXXYA D $@#""-/,#.
+@*. /%K#*) +! )!"0!)"0! -* Z<,'0/#.,-. L)#&,"-$ [!/!-)"0 O./','*'! 1ZL[O74
 ! "# $% &' ()* +,-*# (-%.*/ *0* &-,1 23fl'5'! 6-*1('0/' 1' 07%1.' 8%(  !"!#$%&'()(#$ &' 0),#',2!
 ! "#$%&'#() *+,&-.*&-/01 2#$(&031 0$ 1$&(.$(&01 .-3-&#2$01 /(3$'4%.*03301
 !"#$%  !" #  !"#$%&'())" (*#(*$" 
 !"#$%&"%'( &( )!(*+,'( *-. +)"'( %$-* " +(./0* &( '$))('1(. -%( &$-2"0%( &(
*+3'0/(%*4 *"%* "5$0. &!0/+"'1 0/+$.1"%1 *-. )" *-.50( &( )" '$)$%0(6 7)* $%1
(%*-01( 313 +.3*(.53* 505"%1* 8-()8-(* *(/"0%(*4 "fi% &( /(%(. )(* (:+3.0(%'(*
+(./(11"%1 &!(:+)08-(. )( '"."'1,.( ;<=.$';.$/( &( )!0%*('1(6
 (* $#*(.5"10$%*  ! " "# $%1 +(./0* &( &3'.0.( )( ';"%=(/(%1 &( '$-)(-. &(
)!0%*('1(6 >(11( /$&0fi'"10$% &( )" '$)$."10$% +.(%& +)"'( "- %05("- &( )" 1?1(4 &-
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λ =
2a
√
n¯2 − sin2 θ
m
= 2× 190
√
1.482 − sin2 15 = 554 0. "/'2 m = 1.
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5?!6.$658%&'; '0 %'0"0% 2,.#%' 9' 5" 2,3&E3&' 9' 5" 2"/$%6M; 5" 5,0D3'3& 9?,09'
9,.$0"0%' '0 &6fl'-$,0 9'/$'0% N
λ =
2a
√
n¯2 − sin2 ϕ
m
= 2× 190
√
1.482 − sin2 37.5 = 512 0. "/'2 m = 1.
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/7"##"&"$..'/% #". 0"/. 4' .#'-%&' '1#2&$3'/%"45 '/ <&"/0' #"&%$' 0, 8"$% 6,'
472-!"/%$44+/5 -+/%&"$&'3'/% = /+%&' 3+0>4'5 /7'.% #". #"&8"$%) ?4 #&2.'/%' '/ 'ff'%
0'. $&&2<,4"&$%2. 6,$ 02%&,$.'/% -'. $/%'&82&'/-'. .' #&+0,$."/% 0"/. 472#"$..',&
%+%"4' 0' 4" .%&,-%,&')
A,& 4" 3B3' fi<,&' (()D5 '/ %&"$% #+$/%$442 -'%%' 8+$.5 '.% -"4-,42 4' .#'-%&'
0' &2fl'-%"/-' 07,/' 3,4%$-+,-!' $0'/%$6,' = -'44' 3+024$.2' #&2-20'33'/%5 3"$.
."/. -+,&9,&' -'%%' 8+$.) F"/. 4' -". 07,/' 3,4%$-+,-!' #4"/'5 4" -+/%&$9,%$+/ 0,
#$- .'-+/0"$&' '.% $/'1$.%"/%' G4'. +.-$44"%$+/. +9.'&H2'. .,& 4' .#'-%&' .+/% 0'.
&2.+/"/-'. 0' I"9&JKL2&+%5 0,'. ",1 $/%'&8"-'. 0' 4" 3,4%$-+,-!'M) :'. -"H$%2.
!23$.#!2&$6,'.5 #&2.'/%'. = ,/' 2-!'44' 9$'/ #4,. <&"/0' 6,' 4" 4+/<,',& 07+/0'
0'. &"J+/. $/-$0'/%.5 $/fl,'/-'/% 9$'/ 4" -+4+&"%$+/ 0' 4" #,/"$.'5 '% .+/% $-$ =
47+&$<$/' 0, !"4+ %,&6,+$.' +9.'&H2)
  !" #$fl&'$(' )' *+ ,-.&(-&.' ,&. */0.0)',('$('
 +33' 4' 3+/%&' 4' .-!23" 0' 4" fi<,&' (()N5 47'1$.%'/-' 0'. -"H$%2. !23$K
.#!2&$6,'. " #+,& 'ff'% 0' #&+H+6,'& 4" 0+,94' &2fl'1$+/ 07,/' #"&%$' 0'. &"J+/.
$/-$0'/%.5 .+$% -',1 6,$ !',&%'/% 4'. 9+&0. $/-,&H2. 0' -'. -"H$%2.) O/' #&+#&$2%2
$/%2&'.."/%' '/ 02-+,4' P 47$&$0'.-'/-' '.% '/ 'ff'% $/H'&.2')
:" &'4"%$+/ '/%&' 47"/<4' 07$/-$0'/-' 4+-"4 ϕ '% 47"/<4' 07$/-$0'/-' <4+9"4 θ '.%
0+//2' #"& 4726,"%$+/ .,$H"/%' P
ϕ =
π
4
− θ
2
.
:" #+.$%$+/ 0, #$- .'-+/0"$&'5 4$2 = 4" 0+,94' &2fl'1$+/5 #',% .' &'%&+,H'& '/
"0"#%"/% 4" 8+&3,4' 0' 4" 4+/<,',& 07+/0' 0+3$/"/%') ;44' '.% 0+//2' #"& 4"
&'4"%$+/ P
λsec = 2a
√
2n¯2 − 1
2
+
1
2
sin θ.
F>. 4+&.5 .$ 47"/<4' 07$/-$0'/-' θ ",<3'/%'5 4" 4+/<,',& 07+/0' 0' -' #$- .'-+/K
0"$&' ",<3'/%' '44' ",..$) :" .26,'/-' 07"##"&$%$+/ 0'. -+,4',&. '.% &'/H'&.2'
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F$32 41 /$2 91 4$ C)3$(21  !"#$%! &!'!%()#*&#+!= 2( 48.3 $)-013%1 48$3-41 98(35
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2$ 3.)D1441 C.2(%(.3 12% 9.33&1 C$' 48&7)$%(.3 H : I HC.)' m = 1I J
λprinc = 2a
√
n¯2 − sin2 θ = 2× 190
√
1.482 − sin2 θ = 494 30.
K)$3% $) C(/ 21/.39$('1= 2$ C.2(%(.3 12% 9.33&1 C$' 4$ '14$%(.3 7)1 3.)2 D13.32
98&%$>4(' J
λsec = 2× 190
√
2× 1.482 − 1
2
+
1
2
sin θ = 543 30.
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0"%1 7>7 *48
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0"7= 5"$1 :4"7'5'0% -./0 "047' φ 1'730 7' #7"0 ">$5/%"7* ?'1 2"&%34&"#!$'1 -' 7"
&:fl'2%"02' 30% -61 73&1 #/ @%&' &:"7$1:'1= #3/& -$ff:&'0%'1 8"7'/&1 -."047'1 -.:27"$<
&'5'0%* B %$%&' -.'C'5#7'= 7" fi4/&' ()*+ 530%&' 7./0 -' 2'1 1#'2%&'1 -' fl/C*
E'1 F"/11'1 23/7'/&1 530%&'0% 7.$0%'01$%: -/ fl/C 7/5$0'/C -$ff/1: 1'730 7'1 "047'1
7304$%/-$0"7 θ '% "&$5/%!"7 φ= #3/& /0' 13/&2' -.$02$-'02' -:fi0$' #"& θ = 30 '%
φ = 0 * G0 2301%"%' 9/' 7' 5"C$5/5 -.$0%'01$%: -$ff/1:' '1% 1$%/: /0 #'/ "/<-'7H
-/ 1#:2/7"$&'= 13$% '0 θ = 40 '% φ 235#&$1 '0%&' (IJ '% ))J *
 !"#$%  !"# $  !"#$%" &" fl() &*(+" ,-+" ./0+#1" &( /-+23#-%+" 4$(&345 6"7 0+2/"7
&*3+#3&"+#" 7-+$ /"7 7(380+$7 9 θ = 30 "$ φ = 0 5 :+ #" ;(3 #-+#"%+" /"7 0+2/"7 &"
<"7(%"= /*0+2/" /-+23$(&3+0/ θ "7$ %"!%47"+$4 #-<<" /" %0>-+ &( #"%#/" 9 &" ?@ A B@ A
20(#1" C08"# D@ ;(3 #-%%"7!-+& A /0 %4fl"#$0+#" 7!4#(/03%"E= "$ &" ?@ A B@ A &%-3$" C08"#
D@ ;(3 #-%%"7!-+& A /0 %4fl"#$0+#" "+ %4$%-&3ff(73-+E5 6*0+2/" 0,3<($0/ φ "7$ %"!%47"+$4
7(% /" !-(%$-(% &( #"%#/"= &" @ A DB@ 5 6"7 G0(77"7 #-(/"(%7 %"!%47"+$"+$ /*3+$"+73$4 &(
fl() 3+#3&"+$ &3ff(745
Bfi0 -' #3/83$& /%$7$1'& 7'1 -300:'1 F3/&0$'1 #"& 7' 1#'2%&3430$356%&'= 7'1 -30<
0:'1 130% 235#"&:'1 "/ fl/C -./0 -$ff/1'/& K7"02= 'C"2%'5'0% 2355' -"01 7' 2"1
-'1 5'1/&'1 &:"7$1:'1 "8'2 7' 1#'2%&3#!3%356%&' B8"0%'1*  ' %L#' -' 1#'2%&' '1%
"##'7: 1#'2%&' MN?O= "2&30L5' "047"$1 -' .+/+'-0$+#1!" 2-fl-0$!10- 4+5$'+67$+#1
8710$+#1= 13$% 7" F302%$30 -' -$1%&$K/%$30 -' 7" &:fl'2%"02' K$-$&'2%$300'77'= #"&2'
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
6)1 412 012)'12 2.3% 7'(212 214.3 412 $3-412 4.3-(%)8(3$4 1% $9(0)%$4:
;$ fi-)'1  =:! 0.3%'1 6)146)125)32 81 /12 271/%'12: >.)% /.001 8$32 41 /$2
812 012)'12 '&$4(2&12 $?1/ 41 271/%'.7+.%.0@%'1 A?$3%12B 412 271/%'12 2.3% 6)$2(
/.32%$3%2 8$32 41 8.0$(31 ?(2(C41B $?1/ )31 8&/'.(22$3/1 13 81DE 81 !"" 30B /1
6)( /.3fi'01 4$ /.4.'$%(.3 C4$3/+1 4&-@'1013% F$)3G%'1 .C21'?&1 7'&/&810013%:
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 !"#$%  !"# $  !"#$%" &'() *+,-" ./-" 012-#3" *+,- 415$%" *,  !"#$%&'(! )!'*!'+,
$+-.'!6 711,87-4" 9"1/- ,- 2-:1" 1/-:7$,*7-21 θ = 30 "$ 2.78,$21 φ = 0 ; <"9 8"9,%"9
%"!%49"-$4"9 7#7 9/-$ #"11"9 !%79"9 !/,% *"9 2-:1"9 1/-:7$,*7-2,= *" >? @ A? !2% !29 *"
>? 6 !/,% ,- 2-:1" 2.78,$21 *" >B? C9/7$ *2-9 12 *7%"#$7/- 9!4#,127%" !2% %2!!/%$ @
1+4#127%"8"-$D;
 !"! #$%&'() *+,-.+&+/012)
;H$3$4,21 8H)3 &/+$3%(44.3 8H)31 9.31 C4$3/+1 8) 4.3-(/.'31  !"#$%&'(! )!'*
+!',$,-.'! $?1/ )3 0(/'.2/.71 &41/%'.3(6)1 E C$4$,$-1 71'01% 8H.C21'?1' 4$ 2%')/5
%)'1 (3%1'31 812 &/$(4412 0.8(fi&12B '12210C4$3% E 812 7.(42: ;12 (0$-12 81 4$
fi-)'1  =:I /.3fi'013% 4H1*(2%13/1 81 /1%%1 2.'%1 81 J.)'')'1 '1/.)?'$3% 412 9.312
C4$3/+12: K3 8(2%(3-)1 812 /$3314)'12 2)' 4$ 2)'J$/1 81 /12 &/$(4412 0.8(fi&12: ;12
9.312 3.('12 2.3% $)22( /.)?1'%12 8H&/$(4412B 0$(2 C(13 74)2 71%(%12:
 !"#$%&' ()*  !"#$%&'(! )!'*!'+$+,-'! (+(
 !"#$%  !"# $  !"#$% &'( )$ *" +,-..-.$ .$/,-0."12 *$% 3,1$% 4*"1/5$% ,4%$.06$% %-.
*$ *,1#7/,.1$  !"#$%&'(! )!'*!'+$+,-'!8 9:"-/5$; <1 /,1%2"2$ =-$ *$% 3,1$% 4*"1/5$% 9>
).,72$ %-. *?7!"#$; %,12 .$/,-0$.2$% )?6/"7**$% "**,1#6$%@ =-7 .$%%$!4*$12 > )$% A,7*%@ /$
=-7 /,1fi.!$ ,4%$.0"27,1% +"72$% "- !7/.,%/,A$ ,A27=-$8 <1 .$!".=-$ 6#"*$!$12 =-$ *$%
3,1$% 1,7.$% 9> #"-/5$ %-. *?7!"#$; %,12 6#"*$!$12 .$/,-0$.2$% )?6/"7**$%@ !"7% 4$"-/,-A
A*-% A$272$%8 9C.,72$; D$% 6/"7**$% !,)7fi6$% A.6%$12$12@ %-. *$-. %-.+"/$@ )$% $%AE/$% )$
/"11$*-.$% %-. 2,-2$ *$-. *,1#-$-.8
 !"#$%  !"% $  !"#$% &'( )$% 6/"7**$% "**,1#6$% )- *,1#7/,.1$@ /,-A6$% 2."1%0$.%"*$F
!$128 9:"-/5$; D" %$/27,1 )$% A,7*% 1?$%2 A"% /7./-*"7.$@ !"7% $**7A27=-$8 <1 .$2.,-0$
6#"*$!$12 *$% /"11$*-.$% ,4%$.06$% %-. *" %-.+"/$ )$ /$% A,7*%8 9C.,72$; D$% 6/"7**$% !,F
)7fi6$% /,127$11$12 $1 +"72 )$% %A5E.$% )?-1 )7"!E2.$ !,G$1 )$ HHI 1!@ )7%A,%6$ )$
!"17E.$ )6%,.),116$8 J$% %A5E.$% %,12 ."7%,11"4*$!$12 %-AA,%6$% +"72$% )$ /57271$@ =-7
$%2 *$ !"26.7"- *$ A*-% %,-0$12 .$1/,12.6 /5$3 *$% 71%$/2$%8
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
612 (0$-12 71 4$ fi-)'1  "9: 0.3%'13% 4;(3%&'(1)' 712 &/$(4412 0.7(fi&129 612
/$3314)'12 2.3% (/( /4$('1013% <(2(=4129 >3 '10$'?)1 &-$41013% ?)1 412 @.(42 31
2.3% @$2 /'1)*A 0$(2 /.3%(13313% )3 $''$3-1013% 7&2.'7.33& 71 2@+B'12 7;)3
7($0B%'1 0.,13 71 !!C 309 D12 2@+B'12A %.)% /.001 41 /.'%1* ?)( 412 13-4.=1A
2.3% 2)@@.2&12 E.'0&12 71 /+(%(319 F4 2;$-(%A 13 1ff1%A 7) 0$%&'($) 41 @4)2 2.)<13%
'&@$37) /+1H 412 (321/%129
 !"# $%&'()*+,)%-
I3 /.44$=.'$%(.3 $<1/ 41 6$=.'$%.('1 712 #$%+&0$%(?)12 J@@4(?)&12 $)* K,25
%B012 LI/.41 D13%'$41 M$'(2A N'$3/1OA )3 @'.-'$001 $ &%& &4$=.'& $fi3 71 /$4/)41'
4$ '&fl1/%$3/1 712 H.312 =4$3/+12 %'.)<&12 /+1H 41 4.3-(/.'31  !"#$%&'(! )!'*!'+,
$+-.'!9 F4 (0@4(?)1 %'.(2 &/+14412 7(ff&'13%129
6$ @'10(B'1 12% 3$3.2/.@(?)19 J /1%%1 &/+1441A 412 @'.@'(&%&2 71 '&fl1/%$3/1
7;)31 21)41 2@+B'1 2.3% 7&%1'0(3&12 2)' =$21 71 4$ %+&.'(1 71 #(1 Q  CR9 J /1 2%$71A
412 2(0@4(fi/$%(.32 2.3% 3.0='1)2129 I3 1ff1%A 412 2@+B'12 2.3% %.)%12 /.32(7&'&12
/.001 @$'E$(%1013% 2@+&'(?)12A 7;)3 7($0B%'1 71 !!C 30 L)31 0.,1331 712
<$41)'2 .=%13)12 2)' =$21 712 (0$-12 71 0(/'.2/.@(1 &41/%'.3(?)1OA 1% /.0@.2&12
71 /+(%(319 6;(37(/1 71 '&E'$/%(.3 71 4$ /+(%(31 12% 2)@@.2& 71  9!S Q!TR9 U.%.32
&-$41013% ?)1 41 0.7B41 31 %(13% @$2 /.0@%1 7;)3 &<13%)14 $=2.'=$3%A %1441 4$
0&4$3(319
6$ 21/.371 &/+1441 7&%1'0(31 4$ '&fl1/%$3/1 7;)31 &/$(441 0.7(fi&1 13%(B'19 V31
3.)<1441 $@@'.*(0$%(.3 /.32(2%1 W $22(0(41' 41 @.(4 W )3 10@(41013% 71 %'.(2
/.)/+12 7(2%(3/%129 6$ @'10(B'1 1% 4$ 71'3(B'1 0.7&4(213% )31 2(0@41 /.)/+1 +.0.5
-B31 71 /+(%(31A /.''12@.37$3% $) /.'%1* 7) @.(49 6$ 21/.371 12% /.0@.2&1 7;)3
$''$3-1013% $4&$%.('1 71 2@+B'12 %14412 ?)1 0.7&4(2&12 W 4;&/+1441 3$3.2/.@(?)19
X;$@'B2 412 .=21'<$%(.32 13 0(/'.2/.@(1 &41/%'.3(?)1A 4$ E'$/%(.3 71 <.4)01 .//)5
@&1 @$' 412 2@+B'12 12% 71 4;.'7'1 71 YC ZA <$41)' '1@'(21 @.)' 4$ 0.7&4(2$%(.39 M$'
$(441)'2A 4;&@$(221)' 71 /1%%1 21/.371 /.)/+1 12% 4(&1 W 4$ @.2(%(.3 2)' 4$ 4.3-)1)' 7)
@.(4 [ 4$'-1 W 4$ =$21A 1% 2;$ffi3$3% W 012)'1 ?)1 4;.3 2;$@@'./+1 71 2.3 1*%'&0(%&9
6$ '&fl1/%$3/1 7(ff)21 71 4$ /.)/+1 /.3%13$3% 412 2@+B'12 12% /$4/)4&1 13 '&2.4<$3%
4;&?)$%(.3 71 %'$32E1'% '$7($%(E Q   ]  ^R 13 )%(4(2$3% 4$ 0&%+.71 YN4)* Q  YA  !R9
6;&?)$%(.3 71 %'$32E1'% '$7($%(E /.3%(13% 712 %1'012 4(&2 $)* @1'%12 7;&31'-(1 7;)3
 !"#$%&' ()*  !"#$%&'(! )!'*!'+$+,-'! (+,
-"$./'"01 %&"2'&."3% 03 4"%5&$"0 673351 60'. 8 9:";.7&#%$73 '% "0< ="$3. 60. 8
9:54$..$73* >99' #'&4'% 6' /"9/09'& 9" &'6$.%&$;0%$73 6' /'%%' 53'&=$' .70. -7&4' 6'
6$ff0.$73* @" 45%!76' AB90< '.% 03' 6'. "##&7/!'. C0$ &5.70% /'%%' 5C0"%$73 6'
%&"3.-'&% &"6$"%$-* D70& /'9"1 73 .0##7.' C0' 9' /!"4# '3 03 #7$3% '.% /73.%$%05 6'
C0"%&' /74#7."3%'. E F(G 03 -"$./'"0 .' #&7#"='"3% .'973 9" 6$&'/%$73 60 -"$./'"0
$3/$6'3%1 F)G 03 -"$./'"0 .' #&7#"='"3% 6"3. 9" 6$&'/%$73 7##7.5'1 F,G 03 &"H73I
3'4'3% 6$ff0.5 8 3702'"0 6"3. 9" 4J4' 6$&'/%$73 C0' 9' -"$./'"0 $3/$6'3% '% FAG
03 &"H733'4'3% 6$ff0.5 6"3. 9" 6$&'/%$73 7##7.5'*  '%%' 45%!76' .0##7.' C0' 9'
fl0< 6$ff0.5 '.% 6$.%&$;05 6' 4"3$L&' $.7%&7#' 6"3. 9:'.#"/'*  '%%' !H#7%!L.' '.%
M0.%$fi5' #"& 9" &0=7.$%5 6'. $3%'&-"/'. C0$1 ;$'3 C0:'99' 3:"$% #". 5%5 6$&'/%'4'3%
#&$.' '3 /74#%' 6"3. 9" 47659$."%$731 2" !747=535$.'& 9" 6$ff0.$73* @'. #&7#&$5I
%5. 7#%$C0'. 6' /'%%' /70/!' .'&2'3% '3.0$%' 6' #7$3% 6' 65#"&% "0 /"9/09 6' 9"
&5fl'/%"3/' 6' 9" 409%$/70/!' 6"3. .73 '3.'4;9'1 .'973 9" 45%!76' 6'. 4"%&$/'.
6' %&"3.-'&%1 65/&$%' '3 "33'<'*
>3fi31 9" 6'&3$L&' 5/!'99' '3=97;' #90.$'0&. /'3%"$3'. 6:5/"$99'. 476$fi5'.* O$3.$1
APP #7$9.1 =535&5. 8 #"&%$& 6:03 #7$9 .0& 9'C0'9 6' #'%$%'. 652$"%$73. 6' -7&4'1 6'
#7.$%$73 '% 6:7&$'3%"%$73 73% 5%5 &5"9$.5'. "2'/ 9:"$6' 6:03 47659$.'0& ,Q1 /74I
#7.'3% 9" .%&0/%0&' 6' /'%%' %&7$.$L4' 5%"#'* Q'. &"H73. .73% =535&5. "95"%7$&'I
4'3%1 '% 9'0&. $3%'&"/%$73. "2'/ 9" .%&0/%0&' 47659$.5' .73% /"9/095'. .0& ;".' 60
476L9' 6' '!&.$'!/+0*1 65/&$% "0 /!"#$%&' (P* @7&.C0:03 &"H73 '3%&' '3 /73%"/%
"2'/ 03 5954'3% 6' 9" .0&-"/' 5%06$5'1 9'. $3%'3.$%5. &5fl5/!$'. '% %&"3.4$.'. .73%
/"9/095'. .0& ;".' 6'. $3-7&4"%$73. 60 3$2'"0 #&5/56'3%*
@" fi=0&' ()*R 473%&' C0'9C0'. .#'/%&'. 7;%'30. .0& ;".' 6' 9" 47659$."%$73*
S3 /73.%"%' C0' 9'. .#'/%&'. .73% C0".$ /73.%"3%. 6"3. 9' 674"$3' 2$.$;9'1 %70%
/744' 6"3. 9' /". 6'. 4'.0&'. '<#5&$4'3%"9'. FB$=* ()*+G* @'. $3%'3.$%5.1 ;$'3
C0' 95=L&'4'3% #90. 59'25'.1 &'.%'3% "0< "9'3%70&. 6'. TP U*  '#'36"3%1 6'.
7./$99"%$73. .73% #&5.'3%'. 6"3. /'. .#'/%&'. %!57&$C0'.*  '. 6'&3$L&'. .73% 60'.
"0< 'ff'%. /7!5&'3%.1 C0$ .' #&760$.'3% 97&. 60 /"9/09 ;".5 .0& 9" 45%!76' 6' V$'*
>99'. 3:"##"&"$..'3% #". 6"3. 9'. .#'/%&'. '<#5&$4'3%"0<1 #"&/' C0' 9'. .#!L&'. 3'
.73% #". %70%'. .%&$/%'4'3% $6'3%$C0'.1 65%&0$."3% 6' /' -"$% /'. 'ff'%. /7!5&'3%.*
>3 65#$% 6'. "##&7<$4"%$73. &5"9$.5'. 6"3. 9' 476L9'1 9'. &5.09%"%. 7;%'30. .73%
%&L. ."%$.-"$."3%.1 '3 /'9" C0:$9. /73fi&4'3% 9'. &5.09%"%. '<#5&$4'3%"0<*
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
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 !"#$%  !"# $  !"#$%" &'() *+,-./ *-% 01*" 2" .1 ,32/.+*1$+34 25-4" 634" 0.14#7"
25-4 /.8$%" 2-  !"#$%&'(! )!'*!'+$+,-'!9 +..-,+4/ *".34 -4 14:." .34:+$-2+41. θ = 30 
"$ 16+,-$1. φ = 0 ;#342+$+34* +2"4$+<-"* 1-= ,"*-%"* "=!/%+,"4$1."*9 fi:? @A?BC? D"*
,"*-%"* %"!%/*"4$/"* +#+ *34$ #".."* !%+*"* !3-% 2"* 14:."* .34:+$-2+41-= 2" @E F GE !1%
!1* 2" @E 9 !3-% -4 14:." 16+,-$1. 2" @HE ;*3+$ 214* .1 2+%"#$+34 *!/#-.1+%" !1% %1!!3%$
F .5/#.1+%","4$C?
 !"#$%&' ()*  !"#$%&'(! )!'*!'+$+,-'! (++
 !"# $%&'()*+%&
," &-fl'/%"0/' 1'2 340'2 56"0/!'2 17 6408$/4&0'  !"#$%&'(! )!'*!'+$+,-'! " -%-
9'27&-' : 6;"$1' 1;70 2#'/%&4#!4%49<%&' '% 1;70 2#'/%&4840$49<%&'*  '2 340'2 40%
-8"6'9'0% -%- "0"6=2-'2 ">'/ 70 9$/&42/4#' -6'/%&40$?7'@ ?7$ " &->-6- 6" #&-2'0/'
1;-/"$66'2 941$fi-'2 ?7$ &'22'956'0% : 1'2 #4$62*  '2 -/"$66'2 /40%$'00'0% '0 6'7&
/4'7& 70' 1$2%&$57%$40 1-24&1400-' 1' 2#!<&'2 1' /!$%$0'* ," 941-6$2"%$40 976%$B
-/!'66' : 6;"$1' 17 /41' 1' '!&.$'!/+0* 1' /'%%' C47&&7&' " #'&9$2 1' 940%&'&
?7' /'2 2#!<&'2 240% 5$'0 : 6;4&$8$0' 1' 6" /464&"%$40 56"0/!' 452'&>-'@ 9"68&- 6'2
0495&'72'2 "##&4D$9"%$402 &-"6$2-'2 E 6'2 2#!<&'2 240% /402$1-&-'2 /499' %47%'2
$1'0%$?7'2 '% #"&C"$%'9'0% 2#!-&$?7'2 '% 6'2 #4$62 &'0C'&9"0% /'2 2#!<&'2 240%
"22$9$6-2 : 1'2 976%$/47/!'2*
,' #&48&"99' 1->'64##- $/$ #'&9'% 140/ 1' %&"$%'& 6" &-fl'/%"0/' 1;70' 2%&7/B
%7&' 976%$B-/!'66' '0 2' 5"2"0% 27& 6'2 &-276%"%2 C47&0$2 : %&4$2 -/!'66'2 1$ff-&'0%'2@
2'640 1'2 9-%!41'2 1' /"6/76 "1"#%-'2 : /!"/70' 1' /'2 -/!'66'2* G47% 6;$0%-&H%
1;70 %'6 #&48&"99' '2% 1' #47>4$& 6;"1"#%'& '0 C40/%$40 1' 6" 2%&7/%7&' -%71$-'@
%47% '0 /402'&>"0% /'% "2#'/% 976%$B-/!'66'*
 !" !"
 !"#$%&'!"
 !" #$%&!" &#'!()**#!" +% ,)%-" &! ,!$$! &.""!-$+$.)/ &),$)-+(! -!*)"!/$ "%-
&!%0 +0!" &! -!,1!-,1! *-./,.*+%0 2 (! *1#/)34/! &5167-),1-)3."3! !$ (+ *-)8
&%,$.)/ &5!ff!$" '."%!(" *+-$.,%(.!-" &%" : %/! "$-%,$%-! 3%($.8#,1!((!; <!*!/&+/$=
,!" &!%0 +0!" -!*)"!/$ "%- %/ 3>3! *-./,.*!= : "+').- (+ -!,1!-,1! &! "$-%,$%-!"
*1)$)/.?%!" )-.7./+(!" &#'!()**#!" +*-4" &!" 3.((.)/" &5+//#!" &5#')(%$.)/ @.)()8
7.?%!; A)%" +')/" +./". 3." : B)%- &.ff#-!/$!" 3#$1)&!" !0*().$+@(!" *+- (5./&%"$-.!
*)%- -!*#-!- &!" 3+$#-.+%0 )*$.?%!" /)'+$!%-";
C+/" %/ *-!3.!- $!3*"= )/$ #$# #$%&.#" ?%+$-! ,)(#)*$4-!" &)/$ (!" #(6$-!"
")/$ 167-),1-)3!"= ,5!"$8:8&.-! ?%5.(" ,1+/7!/$ &! ,)%(!%- !/ D)/,$.)/ &% $+%0
&51%3.&.$# &! (!%- !/'.-)//!3!/$ E!$ *)%- ,!-$+./" #7+(!3!/$ &! 3+/.4-! -#fl!0!G;
 !" +/+(6"!" "*!,$-+(!" )/$ *!-3." &! ?%+/$.fi!- (5.3*-!"".)/ '."%!((!;  !" #(6$-!"
)/$ !/"%.$! #$# +/+(6"#" : (5+.&! &5%/ 3.,-)",)*! #(!,$-)/.?%! +fi/ &! &#$!-3./!-
(+ "$-%,$%-! : (5)-.7./! &! (+ ,)()-+$.)/;  !" 3)&#(."+$.)/" /%3#-.?%!" )/$ *+-
(+ "%.$! ,)/fi-3# ?%! (!" "$-%,$%-!" )@"!-'#!" #$+.!/$ @.!/ -!"*)/"+@(!" &! ,!"
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?);@)!+ .&+);*." 9" +A+'B,"$  /!+/> 9C&:;-'/)! 5 $26 *"@/"!' D
ikyε(z)Ey(z) +
d
dz
[ε(z)Ez(z)] = 0
"' 9C&:;-'/)! 5 $E6 D
ikyHy(z) +
dHz(z)
dz
= 0.
F-. *&fi!/'/)! *; .)'-'/)!!"9> 9C&:;-'/)! 5 $H6 +" *&0),?)+" "! '.)/+ &:;-'/)!+ D
ikyEz − dEy
dz
= iµ0ωHx
dEx
dz
= iµ0ωHy
kyEx = −µ0ωHz
"' *" ,I," ?);. 9C&:;-'/)! 5 $J6 D
ikyHz − dHy
dz
= −iωε0ε(z)Ex
dHx
dz
= −iωε0ε(z)Ey
kyHx = ωε0ε(z)Ez.
KC"#-,"! *" 0"+ (;/' &:;-'/)!+ 1-/' -??-.-/'." ;!" +&?-.-'/)! ?)++/89" *"+
0),?)+-!'"+ *" 0(-,?+$ K" ?.",/". L.);?" *C&:;-'/)!+ !" 0)!'/"!' :;" 9"+ 0),M
?)+-!'"+ Ex> Hy "' Hz> -9).+ :;" 9" +"0)!* !" 1-/' /!'".@"!/. :;" Hx> Ey "' Ez$
N" *&0);?9-L" "!'." 9"+ L.);?"+ *" 0),?)+-!'"+> -/!+/ :;" 9- 9/!&-./'& *"+ &:;-M
'/)!+ *" %-#="99> ?".,"' *" 0)!+/*&.". *"+ ,)*"+ ?);. 9"+:;"9+ )! ?)+".- +)/'
Hx = Ey = Ez = 0> +)/' Ex = Hy = Hz = 0$ O-!+ 9" ?.",/". 0-+> 9" 0(-,? &9"0M
'./:;" +" .&*;/' P +- 0),?)+-!'" Ex> ?".?"!*/0;9-/." -; ?9-! *C/!0/*"!0"$ Q9 +C-L/'
*; ,)*"  !"#$%&!$& '(&)*!+,-& 5R76$ O-!+ 9" +"0)!* 0-+> 9" 0(-,? ,-L!&'/:;"
+" .&*;/' P +- 0),?)+-!'" Hx> ?".?"!*/0;9-/." -; ?9-! *C/!0/*"!0"$ Q9 +C-L/' *C;!
,)*"  !"#$%&!$& ."/#0*+,-& 5R%6$
N"''" -!-9A+" "+' /,?).'-!'" ?-.0" :;C"99" ?".,"' *" ."0(".0(". +&?-.&,"!'
*"+ ,)*"+ *" ?)9-./+-'/)! R7 ); R%$
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
 !"!" #$%& '(
61 2,2%701 89&:)$%(.32 ; '&2.)8'1 12% 8.3/ 41 2)(<$3% =
ikyHy(z) +
dHz
dz
= 0 >?@AB
dEx
dz
= iµ0ωHy >?@"B
kyEx = −µ0ωHz >?@CB
ikyHz − dHy
dz
= −iωε0ε(z)Ex. >?@ DB
6$ E'10(7'1 &:)$%(.3 12% ; &4(0(31'F /$' 1441 12% '18.38$3%1 $<1/ 412 81)* 2)(5
<$3%12@ G12 21/.381 1% %'.(2(701 &:)$%(.32F .3 .H%(13% 81)* '14$%(.32 4($3% Hy 1%
Hz ; Ex =
Hy = − i
ωµ0
dEx
dz
Hz = − ky
ωµ0
Ex.
I3 (3J1/%$3% /12 81)* &:)$%(.32 8$32 49&:)$%(.3 >?@ DBF .3 .H%(13% =
d2Ex
dz2
+
(
ε(z)
ω2
c2
− k2y
)
Ex = 0. >?@  B
K.%.32 :)913 E4)2 81 2$%(2L$('1 /12 &:)$%(.32F 412 /+$0E2F $)* 8(2/.3%(3)(%&2 81 4$
/.32%$3%1 8(&41/%'(:)1F 8.(<13% <&'(fi1' 812 /.38(%(.32 81 '$//.'8 /.0E$%(H412 $<1/
49&:)$%(.3 >?@  B@ N.)' 41 0.81 OIF 412 /.38(%(.32 81 '$//.'8 2.3% 412 2)(<$3%12 =
 ! Ex /.3%(3) 1%
dEx
dz
/.3%(3)@
G$32 41 /$2 89)3 2,2%701 0)4%(/.)/+1F ε(z) 12% /.32%$3%1 E$' 0.'/1$)*@ G72
4.'2F (4 '12%1 ; '&2.)8'1 )31 &:)$%(.3 8(ff&'13%(1441 8) 21/.38 .'8'1 ; /.1ffi/(13%2
/.32%$3%2@ N.)' /+$:)1 /.)/+1 jF 4$ 2.4)%(.3 /.''12E.38 ; 4$ 2.001 81 81)*
.3812 E'.-'122(<12F 21 E'.E$-1$3% 49)31 214.3 49$*1 zF 49$)%'1 214.3 4$ 8('1/%(.3
.EE.2&1 ; /1 0R01 $*1F 8) %,E1 =
Ex(z) = A
+
j e
ikjz(z−zj) + A−j e
−ikjz(z−zj).
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 !"!# $%&' ($
5! "ff"0'7-!' *"+ 0-8078+ +/,/8-/."+9 )! ):'/"!'9 *-!+ 8" 0-+ *" 8- ;)8-./+-'/)!
'.-!+<".+" ,-=!&'/>7"9 8"+ ."8-'/)!+ +7/<-!'"+ ?
Ey =
i
ωε0ε(z)
dHx
dz
Ez =
ky
ωε0ε(z)
Hx
"' 8@&>7-'/)! *@)!*" ?
ε(z)
d
dz
(
1
ε(z)
dHx
dz
)
+
(
ε(z)
ω2
c2
− k2y
)
Hx = 0. A $2BC
D-!+ 0" 0-+9 8"+ 0)!*/'/)!+ *" .-00).* E -;;8/>7". +)!' ?
 ! Hx 0)!'/!7 "'
1
ε(z)
dHx
dz
0)!'/!7$
 !"  ##$%&'(%)* +, $' -.(/)+, +,0 -'(1%&,0 +,
(1'*02,1(
F)7. ,)*&8/+". !)+ +'.70'7."+ "#;&./,"!'-8"+9 /8 "+' /,;).'-!' *" ;)7<)/. ,)G
*&8/+". 8" +;"0'." *" .&fl"0'-!0" "! /!087-!' 8@/!1).,-'/)! +7. 8@/!'"!+/'& .&fl&0(/"$
I- ,&'()*" *"+ ,-'./0"+ *" '.-!+1".' ;".,"' *@-''"/!*." 0"' ):J"0'/19 +-!+ -;G
;.)#/,-'/)! +7. 8"+ 0)!'.-+'"+ *@/!*/0"+9 !/ +7;;)+". 7! !),:." /!fi!/ *" ;&./)*"+$
L)7+ -<)!+ <7 ;.&0&*",,"!' >7" 8- .&+)87'/)! *"+ &>7-'/)!+ *" %-#M"88
0)!*7/+-/' E *"7# =.)7;"+ *" +)87'/)! ?
N5 ? Ex, Hy, Hz "' Ey = Ez = Hx = 0
N% ? Hx, Ey, Ez "' Hy = Ez = Ex = 0.
L)7+ -<)!+ "!+7/'" &'-:8/ 8"+ &>7-'/)!+ ."8-'/<"+ E 0(-07! *" 0"+ =.)7;"+ ?
N5 ?
d2Ex
dz2
+
(
ε(z)
ω2
c2
− k2y
)
Ex = 0 A $2OC
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
6# 7 ε(z)
d
dz
(
1
ε(z)
dHx
dz
)
+
(
ε(z)
ω2
c2
− k2y
)
Hx = 0. 89: ;<
=.)2 2)>>.2.32 13/.'1 ?)1 ε(z) 12% /.32%$3%1 >$' 0.'/1$)*@ A1 2.'%1 ?)1 3.)2
)%(4(2.32 13/.'1 412 /.3A(%(.32 A1 '$//.'A 2)(B$3%12 7
 ! Ex /.3%(3) 1%
dEx
dz
/.3%(3)
 " Hx /.3%(3) 1%
1
ε(z)
dHx
dz
/.3%(3):
C.)' /1 >'.D4E01@ 3.)2 $B.32 %'.)B& /.00.A1 A1 0.A(fi1' 4&-E'1013% 4$
A&fi3(%(.3 A12 0$%'(/12 A1 %'$32G1'% 13 (3%'.A)(2$3% $'%(fi/(1441013% )31 /.)/+1
AH&>$(221)' 3)441 1% A1 /.32%$3%1 A(&41/%'(?)1 εart 13%'1 /+$?)1 /.)/+1: I4 2H$-(%
2(0>41013% AH)3 $'%(fi/1 A1 /$4/)4: J1%%1 0&%+.A1 >'&213%1 A1)* $B$3%$-12 7
 : 1441 12% 0.A)4$('1 7 (4 3H12% >$2 3&/122$('1 A1 /.33$(%'1 4$ /.)/+1 2)(B$3%1
>.)' /$4/)41' 4$ 0$%'(/1 A1 %'$32G1'% AH)31 /.)/+1 K
L: 1441 12% 3&/122$('1 >.)' 4H1*%132(.3 A1 4$ 0&%+.A1 M %'.(2 A(0132(.32:
=.%.32 ?)1 41 /+.(* A1 4$ /.32%$3%1 A(&41/%'(?)1 >.)' 4$ /.)/+1 $'%(fi/(1441 3H$
$)/)31 (0>.'%$3/1@ B) ?)1 /1%%1 /.)/+1 3H1*(2%1 >$2 >+,2(?)1013%: I4 '12%1 0$(35
%13$3% M 1*$0(31' 2&>$'&013% 412 A1)* >.4$'(2$%(.32 $B1/ /12 +,>.%+E212:
 !"#$%  !" #  !"#$%!&'(')*& %+,$-(')./! 0! 1( -/1')+*/+,!2 (3!+ 14(5*/' 0! +*/+,!%
(#')fi+)!11!% 0! +*&%'(&'! 0)$1!+'#)./! εart7
 !"!# $%&' ()
J.32(A&'.32 A.3/ )31 /.)/+1@ A1 /.32%$3%1 A(&41/%'(?)1 εj 8j = 1 .) 2<@ 13/$5
A'&1 A1 A1)* /.)/+12 $'%(fi/(14412 8εart<: N3 21 D$2$3% 2)' 4H&?)$%(.3 89: O< %'.)B&1
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4.&0&*",,"!'5 6"+ &78-'/)!+ *&0./9-!' 6:/!'".1-0" "' 6"+ *"8# 0)80("+ -.'/fi0/"66"+
+)!' 6"+ +8/9-!'"+ <
d2Ex
dz2
+
(
εj
ω2
c2
− k2y
)
Ex = 0 4)8. 6:/!'".1-0" = $2>?
d2Ex
dz2
+
(
εart
ω2
c2
− k2y
)
Ex = 0 4)8. 6"+ *"8# 0)80("+ -.'/fi0/"66"+$ = $2@?
A! 4)+" <
kj =
√
εj
ω2
c2
− k2y
kart =
√
εart
ω2
c2
− k2y
-9"0 6"+ 0)!*/'/)!+ +8/9-!'"+ =i ."4.&+"!'" +)/' 6- 0)80(" j5 +)/' 6- 0)80(" -.'/fi0/"66"
art? <
+/ εi
ω2
c2
≥ k2y -6).+ ki ≥ 0
+/ εi
ω2
c2
< k2y -6).+ Im(ki) > 0.
B)')!+ 78" 6" +"0)!* 0-+ !" +" 4.&+"!'" 4-+ 4)8. 6- 4.",/C." /!'".1-0"$ D! "ff"'5
4)8. -8'-!' 78" εart 0)F!0/*" -9"0 6- 0)!+'-!'" */&6"0'./78" *8 ,/6/"8 *:/!0/*"!0"
=.-44"6)!+ 78" εart "+' 0()/+/ -.G/'.-/.","!'?5 )! - <
ky =
√
εart
ω
c
sin θ ≤ √εartω
c
.
H)8. 6"+ '.)/+ I)!"+ *&'".,/!&"+ =6- 0)80(" j "' 6"+ *"8# 0)80("+ -.'/fi0/"66"+
6:"!')8.-!'?5 !)8+ -9)!+ 6"+ '.)/+ &78-'/)!+ +8/9-!'"+ 4)8. 6" 0(-,4 &6"0'./78"5
+"6)! 6- 0)).*)!!&" # <
Ex(z) = Aje
ikart(z−zj) + Bje−ikart(z−zj) = $23?
Ex(z) = Ce
ikj(z−zj) +De−ikj(z−zj) = $2J?
Ex(z) = Aj+1e
ikart(z−zj+1) + Bj+1e−ikart(z−zj+1). = $2K?
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
63%&'122.3253.)2 0$(3%13$3% 7 4$ 8&%1'0(3$%(.3 812 /.1ffi/(13%2 Aj 1% Bj 13 :.3/5
%(.3 812 /.1ffi/(13%2 Aj+1 1% Bj+1 ;

 Aj
Bj

 = Tj

 Aj+1
Bj+1


.< Tj 12% 4$ 0$%'(/1 81 %'$32:1'% 81 4$ /.)/+1 j= >3 ?'./&8$3% 81 0@01 ?.)'
%.)%12 412 /.)/+12A .3 .B%(13% fi3$41013% 4$ '14$%(.3 0$%'(/(1441 81 4D13210B41 81
4$ 0)4%(/.)/+1 ; 
 A0
B0

 = T1T2T3 . . . TN︸ ︷︷ ︸
T

 AN+1
BN+1


EF="GH
.< T 12% 8.3/ 4$ 0$%'(/1 81 %'$32:1'% 81 4$ 0)4%(/.)/+1=
I$4/)4.32 /1%%1 0$%'(/1 81 %'$32:1'%= F 4D$(81 812 /.38(%(.32 81 '$//.'8 E?=
 !GH 1% 812 &J)$%(.32 EF= !HA EF= KH 1% EF= LHA 3.)2 ?.)M.32 &%$B4(' )3 2,2%N01
81 J)$%'1 &J)$%(.32= O$ '&2.4)%(.3 81 /1 2,2%N01 8.331 4$ :.'01 %,?1 8D)31
0$%'(/1 81 %'$32:1'% 8D)31 /.)/+1 8) 2,2%N01A /D12%5758('1 81 4D13210B41  !" #$
%&'(fi ($**$ +  !" #$ +  !" #$ %&'(fi ($**$= P.)' 4$ /.)/+1 QA 4$ 0$%'(/1 81 %'$32:1'%
12% 4$ 2)(M$3%1 ;
Tj =


cos(kjdj)− i(k
2
j
+k2art) sin(kjdj)
2kjkart
−i(kj−kart)(kj+kart) sin(kjdj)
2kjkart
i(kj−kart)(kj+kart) sin(kjdj)
2kjkart
cos(kjdj) +
i(k2
j
+k2art) sin(kjdj)
2kjkart

 .
R12%1 $4.'2 7 (%&'1' ?.)' .B%13(' 4$ 0$%'(/1 81 %'$32:1'% T 8) 2,2%N01= S.%.32
J)1 4$ 81'3(N'1 (3%1':$/1 31 :$(% (3%1'M13(' J)D)31 /.)/+1 81 /.32%$3%1 8(&41/%'(J)1
εN E?.)' )3 %.%$4 81 S /.)/+12H $M1/ 41 2)B2%'$%A 81 /.32%$3%1 8(&41/%'(J)1 εsub=
O$ 0$%'(/1 81 %'$32:1'% 81 4$ 81'3(N'1 /.)/+1 8(ffN'1 8.3/ 81 4$ 0$%'(/1 %,?1
/(58122)2 ;
TN =


ksub+kart
2kart
−ksub+kart
2kart
−ksub+kart
2kart
ksub+kart
2kart


.< ksub =
√
εsub
ω2
c2
− k2y $M1/ εsub 4$ /.32%$3%1 8(&41/%'(J)1 8) 2)B2%'$% 2)' 41J)14
12% ?.2&1 4$ 0)4%(/.)/+1=
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 !"!" #$%& '#
5! 6"7' ."6."!*." 8" ,9," .-/+)!!","!' 6)7. 8" ,)*" :%$ ;"''" 1)/+< )!
6-.' *" 8=&>7-'/)! ? $2@A B
ε(z)
d
dz
(
1
ε(z)
dHx
dz
)
+
(
ε(z)
ω2
c2
− k2y
)
Hx = 0.
5! )C'/"!' 8- ,-'./0" *" '.-!+1".' B
Tj =


cos(kjdj)− i ε
2
artk
2
j
+ε2
j
k2art
2εartεjkartkj
sin(kjdj) −i ε
2
artk
2
j
−ε2
j
k2art
2εjεartkjkart
sin(kjdj)
i
ε2artk
2
j
−ε2
j
k2art
2εjεartkjkart
sin(kjdj) cos(kjdj) + i
ε2artk
2
j
+ε2
j
k2art
2εartεjkartkj
sin(kjdj)

 .
D)7. 8=/!'".1-0" *" +).'/"< 0"''" *".!/E." 6."!* 8- 1).," B
TN =


εsubkart+εartksub
2εsubkart
εsubkart−εartksub
2εsubkart
εsubkart−εartksub
2εsubkart
εsubkart+εartksub
2εsubkart

 .
 !" #$%&'% () %$ *+fl)&-$.&) )- () %$ -*$./01--$.&)
;)!!-/++-!' 8="#6."++/)! *"+ ,-'./0"+ *" '.-!+1".' 6)7. 8"+ *"7# ,)*"+ *" 6)F
8-./+-'/)! :G "' :%< 8- .&fl"0'-!0" *" 8- ,78'/0)70("< -/!+/ >7" +- '.-!+,/''-!0"<
6"7I"!' 9'." 0-8078&"+$ J"I"!)!+ K 8=&>7-'/)! ? $LMA B

 A0
B0

 =

 T++ T+−
T−+ T−−



 AN+1
BN+1

 .
N"+ 0)"ffi0/"!'+ A0< B0< AN+1 "' BN+1 !" +)!' 6-+ *&!7&+ *" +"!+$  /!+/< 8"
0)"ffi0/"!' A0 0).."+6)!* -7 1-/+0"-7 /!0/*"!'$ P&!&.-8","!'< )! +766)+" >7"
8=)!*" /!0/*"!'" "+' *=-,68/'7*" 7!/'-/." "' >7" +- 6(-+" +=-!!78" +7. 8- 1-0"
*="!'.&" *" 8- ,78'/0)70("< *" +).'" >7" A0 = 1$ N"+ 0)"ffi0/"!'+ B0 "' AN+1
*)!!"!' ."+6"0'/I","!' 8"+ 6-.-,E'."+ r "' t< *&0./I-!' 8"+ -,68/'7*"+ .&fl&0(/"
"' '.-!+,/+"$ G!fi!< 8" 0)"ffi0/"!' BN+1 "+' +766)+& !78< 6-.0" >7=-707!" )!*"
/!0/*"!'" !" I/"!' 1.-66". 8- ,78'/0)70(" 6-. 8" *"++)7+$ RE+ 8).+< 8=&>7-'/)!
 !" #$%&'($)* +,-'./+'.012 3$%)'142 1% 2%')/%)'12 /.4.'$3%12 0)4%(5&/+14412
617(13%8 9.)' 412 0.612 :; 1% :# <

 1
r

 =

 T++ T+−
T−+ T−−



 t
0


.= 4$ 0$%'(/1 T 12% 2.(% 4$ 0$%'(/1 61 %'$3>1'% 6) 0.61 61 9.4$'(2$%(.3 :;8 2.(%
/1441 6) 0.61 :#? @.3/ <
t =
(
T++
)−1
r = T−+
(
T++
)−1
.
A12 1*9'122(.32 3.)2 91'01%%13% 6B.C%13(' 412 /.1ffi/(13%2 61 '&fl1*(.3 1% 61 %'$325
0(22(.3 9.)' /+$F)1 0.61 61 9.4$'(2$%(.3 <
R =
|r|2
|1|2
T =
|ksub|
|kinc|
|t|2
|1|2
.=
ksub =
√
εsub
ω2
c2
− k2y
kinc =
√
εinc
ω2
c2
− k2y
$71/ εsub 4$ /.32%$3%1 6(&41/%'(F)1 6) 2)C2%'$% 2)' 41F)14 12% 9.2&1 4$ 0)4%(/.)/+18
1% εinc 4$ /.32%$3%1 6(&41/%'(F)1 6) 0(4(1) (3/(613%? G.)' )31 .361 13%'$3%1 3.3
9.4$'(2&18 412 61)* 9.4$'(2$%(.32 :; 1% :# &%$3% 2)99.2&12 61 0H01 $094(%)618
41 /.1ffi/(13% 61 '&fl1*(.3 12% 6.33& 9$' 4$ 0.,1331 $'(%+0&%(F)1 612 '&fl1/%$3/12
:; 1% :#8 1% 210C4$C41013% 9.)' 41 /.1ffi/(13% 61 %'$320(22(.3?
I1 9'.-'$001 91'01% 61 /$4/)41' 41 291/%'1 61 '&fl1/%$3/1 .) 61 %'$320(%%$3/1
61 4$ 0)4%(/.)/+18 214.3 4B)3 612 0.612 61 9.4$'(2$%(.3 .) 9.)' )31 .361 13%'$3%1
3.3 9.4$'(2&1 J2.001 9.36&'&1 612 /$2 :; 1% :#K8 9.)' )3 $3-41 6B(3/(613/1
6.33&?
 !!"#" $
%&'(&!) *+*,"!'-(.") /"
0&+&.(,*'.("
 ! "#$%&'(#)(&(*+&'$ #$'*$& ,$ ,-%(*#("$' .! '/0(!!$*$!& $! "$" %(*#(1
"/!&$" 2'-3.$!&4$55$"6 7$#$!,/!&8 .!$ *-&'43.$ ,$ 5/ %(.5$.'8 /#&$ 9 #$'*$&&'$ 5/
%(*#/'/4"(! $!&'$ %$ 3.$ :(4& 5;<(**$ $& %$ 3.$ *$".'$ 5/ =%4$!%$8 '$"&$ !-%$"1
"/4'$6 7;$"& 9 5/ %(5('4*-&'4$8 ,(!& !(." #'(#("(!" 4%4 .!$ >'+:$ 4!&'(,.%&4(!
 
8
3.$ '$:4$!& %$ '?5$6
@:/!& ,$ 5;/>(',$'8 45 $"& %$#$!,/!& !-%$""/4'$ ,;4!&'(,.4'$ 5$" %(!%$#&" 3.4
'-A4""$!& 5$ *(!,$ %(5('-6 B$ #'$*4$' %)/#4&'$ ,'$""$8 $! 3.$53.$ "('&$8 .! *(,$
,;$*#5(4 ,$ 5/ %(.5$.'6 C5 ";/A4& ,$ ,-&$'*4!$' %$ 3.;$55$ $"&8 */4" /.""4 %(**$!&
$55$ $"& #$'D.$ %)$E 5;<(**$6 7$ %)/#4&'$ ";/&&/',$ ,(!% ".' 5$" !(&4(!" >/"43.$"
,$ %(5('4*-&'4$ 3.$ "(!& 5;455.*4!/!& $& 5;(>"$':/&$.' ,$ '-2-'$!%$6
B$ %)/#4&'$ ".4:/!& $"& %(!"/%'- 9 5/ %(5('4*-&'4$ $! $55$1*F*$8 3.4 :4"$ 9
3./!&4fi$' $& *$".'$' 5/ %(.5$.'6 C5 ";/A4& ,;-&/>54' .!$ *-&'43.$ A'H%$ 9 5/3.$55$
45 $"& #(""4>5$ ,$ ,-fi!4' .! $"#/%$ %(5('4*-&'43.$ !('*- ,/!" 5$3.$5 %)/3.$ %(.1
5$.' $"& '$#'-"$!&-$ #/' .! #(4!& .!43.$6 B$" #'4!%4#/.I $"#/%$" "$'(!& />(',-"
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X = k
∫
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Y = k
∫
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∫
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